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1. INTRODUCTION 
The calculation of particle transport can proceed in many forms such as 
internal particle densities or external particle reflections and transmissions [I]. 
The latter form goes by the name of invariant imbedding [2], while the former 
is generally called classical transport theory [3]. All of these approaches 
consider that an infinite number of scattering processes has occurred. How- 
ever, in this paper the approach will be to follow the buildup of the particle 
reflections and transmissions by considering the effect of each successive 
scattering interaction. Naturally, if a small probability for scatter exists, then 
only a few orders of scattering need to be considered. 
2. ORDER-OF-SCATTERING THEORY 
In this treatment, the approach of invariant imbedding will be employed 
in slab geometry whereby the primary function of importance becomes the 
reflection function. In addition, the transmission function will also be con- 
sidered. Therefore, define 
&(x, TV, pO) dp = the reflected particle currenti for a slab of thickness x in the 
direction dp about TV because of a unit input in the direction 
pO as a result of n scattering interactions, 
pn(x, ,.L, pO) dp = the transmitted particle current for a slab of thickness x in 
the direction dp about p because of a unit input in the 
direction ,I.Q, as a result of 12 scattering interactions. 
1 The term current implies that the area through which the particles pass is on the 
surface of the slab whereas the term flux implies that the area is normal to the indicated 
direction. 
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These quantities can be found by employing the usual particle counting 
technique of invariant imbedding [4]; however, an alternate approach is to 
start with the infinite order-of-scattering results of conventional invariant 
imbedding and then perform an order of scattering expansion. 
Consider the symmetrical slab geometry reflection function equation [4]: 
& R(x, CL1 PO) = - [t + +] R(x, EL, PO) 
+ [$I [ 1 + j: dP’R(% PL, PYP’] (1) 
x [I + j: dP”@, $3 po,/pq - 
Here the assumption of isotropic scattering has been employed so that the 
scattering parameter c represents the mean number of secondaries per colli- 
sion. In a nonmultiplying medium, this becomes the total probability of 
scatter in an interaction. The relationship between (1) and the defined 
order-of-scattering quantities is the series 
R(X) P, PO) = f cmwx, P, PO). (2) 
V&=0 
Substituting (2) into (1) and collecting terms of like power in c produces 
Rot% CL, PO) = 0, 
; qx, PL, PO) + [: + $1 W% /A PO) = + 3 
g R2(X, PL, PO) + [+ + f-1 R”(x, CL> PO) = [+I [ji dP’WX> CL, UP’ 
+ j; dP”WX, PV, POW] 9 
(3) 
g R”(x, IIS PO) + [$ + $1 R% FL, PO) 
- 1 d,uHRn-l(x, p”, po)/pL” 
I 
1 j: WR”-l-s(x, P”, po)/r"l] , 
n = 3, 4,..., 
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where the symmetric form is related to the defined form by 
R%> EL? PO) = POW% CL9 PO). (4) 
It is noted that these partial differential equations are now linear in the mathe- 
matical sense since they may be solved for successively higher orders-of- 
scattering in a sequential manner and thus all previous information for any 
one order of scattering is known. The boundary conditions for this system of 
equations is the same as that of (1) and is 
RW, l-5 PO) = 0. (5) 
The single scattering function has an analytical solution given by 
RYx, P, po) = (ii) ho[I-l + P~I-~) U - ed- U/P + Vh) 4. (6) 
From this point onward, a numerical solution can be readily found by forming 
a discrete ordinate solution [4]. Thus 
(7) 
where 
n = 2, 3 ,..., N, 
G(X) = Rn(x, Pi , /-Q)- (8) 
Here w1 is the integration weight for the p1 angular position and L is the total 
angular order. Then a straightforward Runge-Kutta-Gill numerical integra- 
tion routine can be applied to the system if it is truncated at some maximum 
order of scattering N. Alternately, because of the linear nature of the equa- 
tions, the solution can also be expressed as 
where 
W-G P, vo) = (-!j) exp [ - (t + $) x] 
x 1 jr dxknR(x’> exp [ ($ + -$) x’] 1 ,
gn”(x’> = j; d~‘R~-~(x’, CL, /~/CL +j: d~“R”+~(x’, p”, po) 
(9) 
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These equations can also be discretized in order to perform the angular 
and spatial integrations. 
Table 1 shows the results of solving (7) for a fifth-order angular mode 
(L = 5) and 15 orders of scattering (N = 15), where the total albedo 01 to an 
isotropic input is 
(11) 
The series has been summed for both c = 0.5 and 1.0 and the values show 
the relative convergence of the two cases. For the thickness of one mean free 
path and no absorption (c = l), the calculations for the reflection function 
are accurate to three places after 15 orders of scattering whereas the integrated 
albedo is accurate to nearly four decimal places. On the other hand, with 
c = 0.5, the same results could be obtained with only ten orders of scattering. 
The value of the scattering parameter that produces a critical system can 
also be found from the calculations if it is noted that 
TABLE 1 
Order of Scattering Results for the Total Albedo 





c = 0.5 c = 1.0 P crtt c%t 
1 0.09837 0.19674 - 
2 0.12376 0.29832 1.9367 
3 0.13104 0.35655 1.7445 
4 0.13322 0.39136 1.6730 
5 0.13388 0.41256 1.6423 
6 0.13408 0.42557 1.6283 
I 0.13415 0.43360 1.6217 
8 0.13417 0.43856 1.6185 
9 0.13417 0.44162 1.6170 
10 0.13417 0.44352 1.6162 
11 0.13418 0.44469 1.6156 
12 0.13418 0.44542 1.6156 
13 0.13418 0.44587 1.6156 
14 0.13418 0.44615 1.6155 
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where X, is the critical size for a given c-value. Equation (12) implies that the 
order of scattering series for this result would be diverging; thus the n-th 
term would be equal to or greater than the (n - 1)-st term. Therefore, 
(13) 
From the results listed in Table 1, this result converges to a constant value at 
nearly the same rate as does the result of rthe c = 1.0 albedo. However, the 
overall accuracy of this procedure is a strong function of the angular order L 
as well as the slab thickness. This is shown in Table 2, where the critical 
multiplication factor as predicted by the fourteenth and fifteenth orders of 
scattering results for various sizes of slabs and for Gaussian orders of five 
and seven is listed. A comparison with the similar results of Carlvik [6] is also 
shown. If it is noted that the error decreases by nearly a factor of two for 
each successive term, then applying a Richardson’s extrapolation [5], 
TABLE 2 
Critical Multiplication Factor for Various Slab Sizes 




Critical multiplication factor 
L=S L=7 Ref. 6 
0.1 6.1578 6.1060 6.1170 
0.2 3.8142 3.8274 3.8303 
0.3 2.9716 2.9788 2.9787 
0.4 2.5202 2.5228 2.5225 
0.5 2.2344 2.2351 2.2350 
0.6 2.0360 2.0360 2.0360 
0.7 1.8897 1.8895 1.8895 
0.8 1.7772 1.7771 1.7771 
0.9 1.6880 1.6879 1.6879 
1.0 1.6155 1.6154 1.6154 
This is also shown in Table 1. Because the terms of the series of (2) are all 
positive, an extrapolation procedure like Richardson’s can be effectively 
employed if the ratio of two successive error values can be predicted. For 
instance, the 01~ convergence sequence improves by approximately 2/c each 
time. Therefore, 
a,(c = 1.0, X = l.O,L = 5) = 0.44649 
by using the n = 14, 15 sequence. 
(15) 
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3. TRANSMISSION THEORY 
For the transmission function, a similar pattern is followed. The infinite 
order-of-scattering result is [4] 
2 T(x, p, /Lo) =- qx, PL, Po)IPo + (3) ij; ww, P, P’YP’ 
(16) 
Using the expansion 
T(x, I”, pg) = f c”T”(x, I4 PO), (17) 
n=O 
where again the symmetric-type form is employed and is related to the defined 
quantity by 
T%, P, PO) = POWX, l-5 PO). 
This produces the equations 
(18) 
+ [I - s,,] “c’ [ j1 dp’TS(x, CL, P’):P’] 
S=l 0 
x [ j: dp”R”-l-$(x, p”, pO)/fLn] 1, n = 2, 3 ,... . 
The boundary conditions for these are 
TO(O, EL, PO) = I-G - PO), 
TV, CL, PO) = 0, 11 >/ 1. 
(19) 
(20) 
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Here the zero and first-order results can be expressed in closed form by 
To@, P, PL) = P exd- X/P), 
T”(x, p. , vo) = pLo exd- 4vo>, 
WY CL~ po) = (3) web - ~~1-l {exd- 4~~) - exp(- X/P>>, 
whereas the general result is 




g,+') = j: W+-l(x', P, P'>/P' + q-4- ~'IP) j: WR"-lb', P", CL~)/P" 
(23) 
Numerical results for the transmission function can be performed in a 
similar manner as the reflection function by discretizing the angular variables; 
however, now the solution for the reflection function must also be previously 
available. Since the reflection function is the basic quantity in invariant 
imbedding theory, numerical results have so far been limited to it. 
4. CONCLUSIONS 
There are several advantages in following an order-of-scattering approach 
to transport theory. Some of these include the ease of repeated calculations 
for the same size system by just resuming the series of previously calculated 
values with a new scattering parameter. In addition, the scattering parameter 
values representing the critical system can be easily found. Another impor- 
tant point from a mathematical viewpoint is that the order of scattering 
equations are always linear in nature while the usual invariant imbedding 
equations are nonlinear. 
In general, the accuracy of the numerical results is limited by the angular 
order for small sizes and by the number of orders-of-scattering included in 
the calculations for large-sized systems. 
The extension of the theory to nonuniform properties can be performed by 
letting 
c(x) = c,h(x) (24) 
and expanding in powers of co. 
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